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COUNTING POINTS IN HYPERCUBES AND
CONVOLUTION MEASURE ALGEBRAS
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It is shown that if 4 and B are non-empty subsets of {0, 1}" (for some #€N) then |44 B|z
=z(|A4||B)* where a=(1/2)log,3 herc and in what follows. In particular if |4]|=2"-! then |A+
+ A|=3""* which anwers a question of Brown and Moran. It is also shown that if |4|=2"-!
then |A+A|=3"~1 if and only if the points of A4 liec on a hyperplane in n-dimensions. Necessary
and sufficient conditions are also given for |[A-+B|=(|4[|B[)*. The above resuits imply the foll-
owing improvement of a resuli of Talagrand [7]: il X and Y are compact subsets of K (the
Cantor set) with #{X), m{¥Y)>0 then A(X+ Y)zz(m(X)m(}’))“ where 7 is the usual measure
on K and £ is Lebesgue measure. This also answers a question of Moran (in more precise terms)
showing that /7 is not concentrated on any proper Raikov system.

1. Introduction

In this note we consider a problem in [1] (communicated to us by M. Tala-
grand): suppose AC{0,1}" with [4|=2""1; is it true that |A+A|=3""1. We
also consider the extremal problem of characterizing those sets AE {0, 1}" with
[A|=2"** such that |A+A|=3""1

We now describe the contents of this note more fully and also various pre-
vious results in this direction. In Section 2 we consider the following generalization
of the problem of Erdds: suppose 4, BE{0,1}", A=0, B=0 (Le., 4, B are non-
empty subsets of the vertices of the n-cube, [0, 1]7), then the number of midpoints of
A, B ie., A—;E{ is at least (|A4|[B])* where a=(1/2)log, 3. Clearly this yields
an affirmative answer to the problem with A=B. It is also shown that a neces-
sary and sufficient condition for |4+ A]=3""1 (provided that |4|=2""1) is that
the points of A4 lie on a hyperplane in n-dimensions. This is the extremal conjec-
ture. We also state necessary and sufficient conditions for |4+ B|=(]4]|B|)".
Weaker results of the above type were obtained by Talagrand (see [7]). As an imme-
diate application we obtain the following result: suppose A is the Lebesgue measure
on R and let y denote the usual Haar measure on the Cantor group D= {0, I}N.
If X and Y are analytic subsets of D with u(X)u(¥)=0 then A(X+Y)=
=2(u(X)u(Y))* where a is as before (the addition of X and Y is with respect to
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the usual addition on R after identifying D with the classical Cantor set in [0, 1]).
A special case of this had been posed as a problem by W. Moran: if u(X)>0 is
2(X+X)=0? This special case was solved earlier by M. Talagrand (see [7]) who
showed that A(X+X)=2(2u(X)—1). Moran’s interest in this was from the point
of view of convolution measure algebras. It shows that u can not be concentrated on
proper Raikov systems. The proof of the above statements for the Cantor set has
certain features in common with the proof in [7], but is actually somewhat simpler.

The notation we use is standard. For unexplained terminology from harmo-
nic analysis see [3]. We wish to thank B. Baishanski, G. Edgar, W. Johnson and M.
Talagrand for useful conversations regarding some of the material in this note.

A number of developments have come to our attention since this paper was
originally submitted. Firstly W. Moran has brought to our attention joint work of
his with G. Brown [2], where they prove independently of us the theorem on the
measure of sums of analytic sets of D. He also brought to our attention the work
of D. Woodall [8]. Woodall had obtained our theorem 2.1 with a similar proof.
However he did not obtain the extremal characterizations which is the main part of
our paper. Also in [8] is mentioned the work of R. Hall [4] who obtained some
weaker results in regard to theorem 2.1. Also the inequality we conjectured in
remark 2.1 has been proved very recently [5]. It gives a generalization of theorem
2.1 as was noticed in remark 2.1. We wish to thank W. Moran for his comments
and the referee for telling us that lemma 2.1 may be found in [6].

2. Counting points in hyper-cubes

We start in this section by giving an affirmative answer to a generalization of
a question in [1]. Recall the question from the Introduction: Given A< {0, I}" with
[A[=2""1, is it true that |A+ A[=3""1?7 We show the following:

Theorem 2.1. /f A,BC{0,1} are non empty then |A+B|=(|A]IB])* where
a=(1/2) log, 3.

Throughout this section a is (1/2)log, 3.
An immediate consequence is (by taking A=B with |4|=2""1):

Theorem 2.2. If AS{0,1}" with |A|=2""' then |[A+A|=3""1

To prove Theorem 2.1 we need two elementary calculus lemmas (for lemma
2.2. there is probably a suitable reference, but we are unable to find one). Lemma
2.1 was pointed out to us by G. Edgar and simplifies the proof of Lemma 2.2.

n
Lemma 2.1. If ag<o; < ... <a, and a,#0 then g(t)= > a,1% has at most n zeros
in (0, + <), counting multiplicity. k=0

Proof. The proof is by induction on n. For n=0, gg7% has no zeros on (0, ).

If g@)= > a.t, then g(t) has the same number of zeros in (0, ) as
k=0

2 a0 =g(1)/t%.
k=0

. .. d gt n
The derivative ;ITg_t(ﬂ—): 2 ap (o, — o) %~ %=1 has at most n—1 zeros by
° k=1

induction. So by Rolle’s Theorem g(¢) has at most n zeros.  |J
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The next lemma we need is:

Lemma 2.2. Let g(a, by=(ab)*+ ((1—a)(1 -b)F+ (a(1—-b)) for (a,b)E[0, 1]X
X[0,1] and h(a, Hy=(aby+((1—a)(1-b))+{(1—a)b)* for (a, b)<[0, 1]1X]0, 1).
Then max(g, h)=1 for all (a,b)<[0, 11X][0, 1].

Proof. Assume a=b (the case a=bh is similar). Then max (g(a, b), h(a, b))=
=g(a,b). If a=1 or b=0 then g(a,b)=b"+(1—b)* or g(a, b)=a*+(1—a)*
respectively. In either case g(a,b)=1. This leaves the points (a,b) with a=b,
a<1, b=0 to check. We have,

gg = a(abya='+z{a(l —b)fa ' —a{(1—a)(1-B))F(1—a)~".
Setting (dg/da)=0 we get
ag = a*[b*+(1—by] = a*

So g=a*""' and so g=1. For a=b we have to make a special argument since
g=h and max (g, h) is not differentiable. We only have to show that xg%.iﬂ] fx)=1
where f(x)=x*+(1—x)*+x*(1—x)*. We have x£€[0,1] that,

F(x) = 2ux® 1 —20(1 —x)¥ " oax* (1 —x)* —ox™ (1 —x)*

P = Q) Ro— 1) x¥* 2 +(20) 2 — (1 — )=~ o (e — 1) x*~2(1 —x)*—

—263x* Tl —x)* " (e — Dx* (1 —x)* 2

Then f7(1/2)=0, f”(1/2)=(8«*—6a)(1/2)>***=0, and so f has a relative minimum
at 1/2 with f(1/2)=1 since o=(1/2)log, 3. Now lvlllz' f(x)=4e and ll_I}} f(x)=
= —oo, 50 fis increasing near 0, decreasing near 1. It is therefore enough to show /~
has at most 3 zeros in (0, 1) (counting 1/2 and counting multiplicity, also note that

fO)=f(1)=1). Now,
. f' o 2x*-1 2(l—x)’ 1—x B S e
ax*(l—x)P~t ~ (1—x)*! e + % -1 =1-2F+2t 1= Py,
with f=(l—x)/x. Then P(¢) has the same number of zeros on (0, =) as f* has in

(0, 1). Since |=a>1—a=0, P(r) has at most three zeros by Lemma 2.1, thus con-
cluding the proof. §

The proof of Theorem 2.1 now follows easily. In what is to follow, I" denotes
any set obtained from [0, 1]* by translating it or rotating it in n-dimensional space:

Proof (of Theorem 2.1). The proof 1s by induction on a. It is trivial for n=1.
From now on we regard 4 and B naturally as subsets of the vertices of the n-dimen-

+

sional unit cube [0, 1] (and as mid-points). We assume the result true for

(n—1)-dimensional cubes. Regarding [0, 1}" as the cube (see Figure 2.1),

Fig. 2.1
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where each face is /"~ ! and denote by a;=|4NF,| and b;= for i=1,2
where F, and F, are opposite faces. By induction the number of midpoints we get
from A and B on the face F; is,

@.1) “nr ’);(QQQ = (a, by
Similarly, for the face F, we have
2.2) ’@fﬂH(—BHf_ﬂl = (a, ba).

Now considering midpoints generated by AN F, and BN F, (and ignoring the md-
points generated by ANF, and BN F;) we get by induction (since they all lie on
a hyperplane midway between F; and F,) that,

(A0FIHENE)

(2.3) = (a,b,)"

Adding the above inequalities we get

‘A—FB

b)) +(ag by) +(ay by)”,
since all the midpoints generated in (2.1). (2.2) and (2.3) lie on different planes.
Similarly

ﬁ ‘ = (ay by)* +(as by +(ag by

So by Lemma 2.2, the proof is completed. [

Remark 2.1. It is natural to ask what happens when more than two sets are taken in
Theorem 2.1. It seems plausible that given péN and A;, ..., A4,S{0,1}" that
i+ Ay = (Al Asl. 14, )

where «,=(1/p)log, (p+1). Clearly by using the same sort of proof as in Theorem
2.1 it 13 enough to show the following:

Given b=(by,....b)[0,1]7 and ncS, (the group of permutations on
{1, ....p}) define

Salb) = (b b))+ =bra) bagay - b))+
F((1= b)) (1 — b)) brgzy o b)) 2+
A (U= by (1= b))
and set f(b)~mdx fo (D). Is it true that f(b)=1? Equivalently without loss of gene-
rality by ordermo so that by =...=b, it is enough to show that,

g(b) = (by... b Yr+((1~b) by b, Yo+ ... +((1=by)...(1=b)r = 1

This was however not checked.
We now turn to an extremal conjecture: the conjecture is that if |4]=2"""*
with A€ {0, 1}" then [4+A4|=3""" if and only il the points of 4 lic on a hyper-
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plane in #-dimensions. We show that this is indeed the case. One direction is simple.
We need the following lemma.

Lemma 2.3. If |A[=2""", AC{0, 1}" and the points of A lie on a hyperplane H in
n-dimensions then

@) H = {(xq, ..., x)ER"|x;=¢; for some fixed i} and
= {(xqs - X )€{0, 1)%x,=¢,} (here £=0 or 1); or
(b) H={(xy, ..., X, )ER"|x;—x;=0} and A=E,UE, where
Ey={(x1. ..., x,)E{0, 1}'|x;=1, x;=1} and
Ey={(xy, ..., x,)E{0, I}'Ix;=0, x;=0}; o
©) H={(x;, ..., x,)ERx;+x,=1} and A=E\UE, where
Ey={(xy, ..., x,)€{0, 1}'x;=0, x;=1} and
={Cxe1, ... )40, 1}|x;=1, x;=0}.

Proof. The proof 1s easily seen by induction on n. Clearly it is true for n=2 and
n=3. Assume it is true for n-dimensions. Let |A4]=2", AZ {0, 1}"*' and let the
points of A lie on a hyperplane H in n+ 1 dimensions. If AS{(xy, ..y x,0)E
€R"x,,,=¢} where =0 or 1 then we are clearly in case (a). Otherwise
AN(x1, ...y Xy 11)ER" lx,,ﬂ-c}*() for both =0 or . In this case it easy to see
that IAﬂ{(\l, s Xps )X =€) is a power of 2 for both ¢=0 and e=1, say
27" and 2% Since m,/<n and 2"+2'=2" it follows that /=m=n—1. Let A,=
=AN{(xy, ...,x,,“)[x,,H:O} and let 4;=AN{(xy, ..., Xp  )x,+2=1}. Then by
the induction hypothesis 4, and 4, lie on hyperplanes /, and H, respectively of the
type in cases (), (b) or (c). Since A4 also lies on a hyperplane A, it is now easy to see
that / must be of the type in cases (a), (b) or (¢). That 4 now must be of the types
described in the lemma also {ollows since A must be of type (a), (b) or (c), |4]=2""1
and since A4 lies on H. ||

In what is to follow we shall call hyperplanes of the sort in cases (b) and (c¢)
of Lemma 2.3 “diagonal’” hyperplanes. We can now prove the following proposition.

Propesition 2.1. /f 14|=2""1, AS {0, 1} and the points of A lie on a hyperplane then
[A+A|=3""1.
Proof. It is clearly enough to check that for any n=1, |{0, 1}"+{0,1}"|=3". This
is because by Lemma 2.3 the points of 4 are the vertices of a /"L, Given 1=i,=
<iy=...<i;=n, where 0=j=n, define,

cCipy s i) = {lxrs o n x)E{0, I}, =1 for k=1,..,j}

Then je{i(,....i}l=2/ and so

H{O, 1y"+ {0, 13"} = Z(’;J% =31

j=0
Next we show that if [4]=2""1, AC{0,1}" and |4+ A4;=3""" then the
points of A lie on a hyperplane.

Theorem 2.3. If AS{0,1}", |4]=2""" and [A+A|=3""" then A lies on a hyper-
plane in n-dimensions.
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Proof. The proof is by induction on ». Clearly it is true for n=1 and n=2. Note
that equality occurs in the inequality of Lemma 2.2 (see the proof), when (g, b)=
=(0,0), (1, 0), (0, 1), (1, 1) or (1/2,1/2). So by the proof of Theorem 2.1 it follows
that for 4, BE{0, 1}"*!, |4+ B|=(|4||B|)* implies that one of the following four
cases occurs (F; and F, are opposite n-dimensional faces of [0, 1}°*1).

Case 1; |[F,NA|=|FNB|=0.

Case 2; |F,NA|=|F,;NB|=0.

Case 3; |F;NA|=|F,NB[=0 or |F,NA|=|F,NB|=0.
Case 4; |Fi\NA|=|F,NA4| and |[FINB|={F,NB].

In our case with A=B this reduces to:

Case I and Case 2; A lies on an n-dimensional face of [0, 1]"**. Since [4|=2" this
implies that A consists of the vertices of a n-dimensional cube and lies on a hyper-
plane in (n+ 1) dimensional space.

Case 3; This case clearly does not occur since we have 4A=25,

Case 4, In this case |FNA[=(1/2)|]4]=2""" for all n~-dimensional faces of F of
[0, 1]"+*. Itfollows that [(FNA)+(FNA)|=3""* by Theorem 2.2. Since [A+ A|=3"
by the proof of Theorem 2.1 it follows that [(FNA)+(FNA4)=3""1. By the induc-
tion hypothesis, F( A lies on a hyperplane in n#-dimensional space for all faces F.

Let us first make the following observations. First some terminology is needed.
Regarding [0, I]" ™! as built out of two opposite n-dimensional faces, say F; and F,
with edges joined (as shown in Figure 2.2), a typical set of ““opposite edges” is shown
as darkened (i.e., edges are non-trivial, that is (n— 1)-dimensional) intersections of
two n-dimensional faces and a set of ‘“‘opposite edges” are the intersection of a
“diagonal” hyperplane in (#-+1)-dimensions with [0, 1]"*!). The point to note is
that |FNA|=(1/2)|4| for all n-dimensional faces F' means that [E,NA4|=]E,NA]
for all pairs of opposite edges E; and E,.

From now on we ICQaId [0, 17"+ as two n-dimensional cubes (with the edges
joined). This is shown in Figure 2.3 (where the edges between the two n-dimensional
cubes have not been joined for convenience). Each n-dimensional cube is drawn be-
low as a cube. The cubes are labeled as C, and C, for the rest of the proof. To be
specificlet Cy={(x1, ..., X, )X, 41 =0}N[0, 1]*"** and let Co={(x1, ..., X1 1)|Xy421=
=1}N[0, 17"+

The proof now splits into two cases, according to Lemma 2.3.

Case A: C,N A4 lies on a face of C,, say G, (see Figure 2.3). Then by the fact that
opposite edges of [0, 1]"*! intersect 4 in equal cardinality it follows that |G,NA|=
=|C;NA|=2""1 It follows that A4 lies on a ““diagonal” hyperplane in (rn+ 1)-dimen-
sional space. More precisely, suppose C:NA={(x;, ..., %, )E{0, 1} Yx, .1 =1,
x;=¢;} where ¢; is fixed and can be 0 or 1. Then by the above reasoning C,NA=

Oy
o
N

Fig. 2.2 Fig. 2.3
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={(x1s -or X, 0 )E{0, 1} Y, =0, x;=1—¢;}. So A lies on the “diagonal” hyper-
plane x;+x,.,=1 in case &=0 and x;—x,,,=0 in case g=1.

Case B: C,NMA lies on a “diagonal” hyperplane in n-dimensional space, so that
C,M A lies on opposite edges of C, say as shown in Figure 2.4 (opposite edges dar-
kened):

Fig. 2.4

Since opposite edges of [0, 1]"** intersect 4 in equal cardinality it follows that C,MN A
also lies on a ““diagonal” hyperplane in n-dimensional space. So the points of CyMN A4
lie on a hyperplane in #-dimensions of the form x;—x;=0 or x;+x;=1 for some
I1=i<j=n and the points of C,NA can lic on a hyperplane in n-dimensions of the
form x,—x=0 or x;+x=1 for some l=k</=n (and so apriori there are
n(n—1) possibilities as to how C,NA4 can lie on a “diagonal” hyperplane). It is
now easy to see that in case C,M A4 lies on the hyperplane x;—x;=0 (or x;+x;=1)
then C;MNA lies on the hyperplane x;—x;=0 (or x;+x;=1) and so A4 lies on the
hyperplane in n+41 dimensions x;—x;=0 (or x;4x;=1). This is so because if
the situation is not as described above then it is possible to find an n-dimensional
face C, of [0, I7"** (i.e., an n-dimensional cube) such that C,MNA is not on a
hyperplane in n-dimensions (i.e., of the type described in Lemma 2.3). The above
argument is illustrated when C, and C, are 3-dimensional cubes. Six subcases arise.
C;N A can lie on opposite edges as shown in Figure 2.5 (opposite edges darkened).

It is easy to see that with respect to the situation in Figure 2.4, C;MN A4 looks
like Figure 2.5 (f) and that 4 i this case is on a ‘“diagonal” hyperplane in 4 dimen-
sions. For example, we show that the case of figure 2.5 (2) cannot occur (the other
cases are dispensed with in the same manner). Suppose C,N4 isasin Figure 2.5 (a)
and C,MNA asin Figure 2.4. Then [0,1]* looks as shown in Figure 2.6 (with edges
between C,; and C, drawn). Looking at the bottom most 3-dimensional cube C,
{see Figure 2.6) we have (C,N A4 drawn in dots) in Figure 2.7. But C;NA4 is
supposed to lie on a hyperplane which it does not.

Accordingly 1n all cases A lies on an (n+1)-dimensional hyperplane and the
proof is complete. |

With some obvious modifications and extensions of the arguments above we
can give necessary and sufficient conditions on A4S {0, 1}", BES{0, 1} so that
|4+ B|=(]A||B])*. Since the proof is much the same as that of Theorem 2.3 we do
not give it.

Theorem 2.4. Let 4 and B be non-empty subsets of {0, 1}°. Then |A+B|=(|A4||B|)*
if and only if

(a) |4|=1B|=2" for some wmEN with m=n.

(b) 4 and B are the vertices of m-dimensional subcubes C, and C, of [0, 1]
respectively.

3
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G
C'l
(a) (b)
G
C‘
{c) (d)
C1
&
(e) (r)
Fig. 2.5
=
G
)

Fig. 2.6
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Fig. 2.7

(c) C,isa translate of C, (in n-dimensions), i.e., C,=C,+z for some z€R". |}

We now show that as an immediate consequence of Theorem 2.1 we may ob-
tain more precise results than the results of Talagrand [7] mentioned in the Intro-
duction. We first need some notation. D={0, 1}N will denote the Cantor group
(with the group operation being coordinate-wise addition modulo 2). Of course D
is homeomorphic to the classical Cantor set K< [0, 1]. We make use of this associa-
tion below freely without further mentioning it. Let 1 denote the Haar measure on D,
Le.. if g; is the measure y; {0}=y;{1}=1/2 on the i’th copy of {0, 1} in {0. I}N
then u is the product measure pu= y;. Finally 4 is the usual Lebesgue measure

i=1
on R. The proof below uses some of the same techniques as in [7], but is actually
simpler.

Theorem 2.5. [f X and Y are analytic subsets of D such that p(X)p(¥Y)=0 then
AXAY)Z2(u(X)pu(Y)).

Proof. Assume with loss of generality that X and Y are compact subsets of D. Write

K,= J [I,, where ], ,is the interval J, d~[d d+ ] where D, is the set of all
d¢ D,

numbers of the form ’g{ ‘—;; where d,€{0,2} for all k. Note that

) 2 d+d d+d 1
Ind+]nd - [d"l"d d'f‘d +3 ]— 2 2( » (-;L ‘3—,,]-

’

. . . .- . . . [ . [4 . -
The point in writing it this way is that it 1s easy to write in base 3. To be

specific, if d= 2—— and d'= ﬁ'%% then a+d = j’ dy+ dy Lk-——. dy...d;
k= k=1

2 = 2003
i+ StY- U IL,sandY,= (U [,,.Then X= ﬂXand

2 aNX=e ﬁ)’—‘
Y=Y, Itiseasytosee that X+ Y= ( (X, +7Y ,,) ‘It is therefore enough to show

that AX,+ Y )=2(u(X)pu(Y))* for all n. Let E be the set of all deD, such that
1, S X¢ and let F be the set of all d¢D, such that 7, ;S¥5. Then note that
]El'”Z"y(X”) and [Fj=2"u(Y<). So if E’ is the set of all deD, such that
I,4NX#0 and F’ is the set of all d€D, such that 1, ;MY =@ then [E'|=
=22 u(X)=2"p(X) and [F'|=2"-2"u(Y)=2"u(Y¥). So by applying Theo-
rem 2.1 we have that

where df =

Ko
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E+F'| = (2°0(X) (Y ) = 3"(u(X) u (Y)Y
So A(X,+Y)=2(u(x)u(Y))* for all n, completing the proof. i

Remark 2.2. Clearly the proof above 1s valid if we replace X and Y analytic by X
measurable, ¥ measurable such that X+ Y is measurable, but it is hard to think of
a more succinct condition on X and Y (other than being analytic) which insures X+ Y
measurable.

Remark 2.3. M. Talagrand had shown earlicr (see [7]) that if X is analytic then,
D AX+X)=2(2uX)-1),
2) A(X+K)=2u(X).
Both of these inequalities are special cases of Theorem 2.5 since x*=2x—1 and
=y for x€[0,1].
One application of Theorem 2.5 is to convolution measure algebras, espec-
ially to the measure algebra M (R). Recall that a Raikov system R on R is a collec-
tion of Borel subsets of R such that

1) If FER and FCSE is an I, subset of R then FER.

2) If E,E,,...,€R then UE;£R.

3) If E, E,€R then E|+F,£R.

4) {x}¢R for all x€R.

Using R one may naturally define a closed ideal of M(R) by I(R)=
={rE M (R)|P|(E)=0 for all E<R}. Theorem 2.5 implies that i (the Cantor mea-
sure) cannot be concentrated on a proper Raikov system. This answers a question
of Moran. Of course this conclusion could have also been made using the results in
[7]. Notice also in connection with the above that the measure g is an infinite Ber-

noulli convolution ,u:—;iﬂé [-%d(())-l—%d(fi‘f)] which has independent powers
i=1 L

(e, p" 1L p™ whenever 0=m-=n-=<oc). For further details on convolution measure
algebras and Raikov systems, see [3].
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