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It is shown that if A and B are non-empty subsets of {0, I }" h}r some ,t~N) then IA q-B[ ~- 
<-_-([AllBI)= where ~=(1/2) log, 3 here and in what follows. In particular if [A[=2 ''-~ then IA+ 
+AI@3 "- t  which anwers a question of Brown and Moran. It is also shown that if [AI=2 "-~ 
then ]A+A[=3 "- t  if and only if the points of A lie on a hyperplane in n-dimensions. Necessary 
and sufficient conditions are also given for [A+BI=(IAIiBI) ~. The above results imply the foll- 
owing improvement of a result of Talagrand [7]: if X and Y are compact subsets of K (the 
Cantor set)with m(X),m(Y)>0 then 2(X+Y)>=2(m(X)m(Y)) ~ where m is the usual measure 
on K and .;, is Lebesgue measure. This also answers a question of Moran (in more precise terms) 
showing that m is not concentrated on any proper Raikov system. 

1. Introduction 

In this note  we cons ider  a p rob lem in [1] ( communica ted  to us by M. Ta la -  
g rand) :  suppose  A ~ { 0 , 1 } "  wi th  I A l = 2 " - t ;  is it t rue that  ] A + A I ~ 3 " - L  We 
also cons ider  the extremal  p rob lem o f  charac te r iz ing  those sets A ~ { 0 ,  1}" with 
[ A ] = 2  "+1 such tha t  ] A + A I = Y  +t. 

We  now descr ibe  the contents  o f  this note  more  ful ly and  also var ious  pre-  
v ious  results in this d i rect ion.  In Sect ion 2 we cons ider  the fo l lowing genera l iza t ion 
o f  the p rob l em of  Erd6s :  suppose  A, B ~ { 0 ,  1}", A¢-0, B ¢ O  (i.e., A , B  are  non-  
empty  subsets o f  the vert ices o f  the n-cube,  [0, l]"), then the number  o f  midpo in t s  o f  

A , B  i.e., - - ~ 1  is a t  least (IA][B[) = where c~=(1/2)1og23. Clear ly  this  yields 

an  aff i rmative answer  to the p rob lem wi th  A = B .  I t  is also shown that  a neces- 
sary  and  sufficient cond i t i on  for  [ A + A I = 3  "-1 (p rov ided  tha t  1AI=2 "-1) is tha t  
the po in ts  o f  A lie on a hyperp lane  in n-dimensions .  This  is the ext remal  conjec-  
ture. We  also state necessary and  sufficient cond i t ions  for  ]A+BI=(]A]IB[) ~. 
Weake r  results  o f  the above  type  were ob t a ined  by Ta l ag rand  (see [7]). As  an imme-  
d ia te  app l i ca t ion  we ob ta in  the fo l lowing resul t :  suppose  2 is the Lebesgue measure  
on R and  let # denote  the usual  H a a r  measure  on the C a n t o r  g roup  D =  {0, l} N. 
I f  X and  Y are  ana ly t ic  subsets  o f  D wi th  # ( X ) p ( Y ) > 0  then 2 ( X + Y ) =  > 
~ 2 ( # ( X ) p ( Y ) ) "  where  ~ is as before  (the add i t i on  o f  X and  ¥ is wi th  respect  to 
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the usual addition on R after identifying D with the classical Cantor set in [0, I]). 
A special case of  this had been posed as a problem by W. Moran:  if /~(X)>0 is 
2 ( X + X ) > 0 ?  This special case was solved earlier by M. Talagrand (see [7]) who 
showed that )o(X+X)>=2(2/z(X) - 1). Moran's interest in this was from the point 
of  view of  convolution measure algebras. It shows that/z can not be concentrated on 
proper Raikov systems. The proof  of  the above statements for the Cantor set has 
certain features in common with the proof  in [7], but is actually somewhat simpler. 

The notation we use is standard. For  unexplained terminology from harmo- 
nic analysis see [3]. We wish to thank B. Baishanski, G. Edgar, W. Johnson and M. 
Talagrand for useful conversations regarding some of  the material in this note. 

A number of developments have come to our attention since this paper was 
originally submitted. Firstly W. Moran has brought to our attention joint work of  
his with G. Brown [2], where they prove independently of  us the theorem on the 
measure of  sums of analytic sets of  D. He also brought to our attention the work 
of  D. Woodall [8]. Woodall had obtained our theorem 2.1 with a similar proof. 
However he did not obtain the extremal characterizations which is the main part of  
our paper. Also in [8] is mentioned the work of R. Hall [4] who obtained some 
weaker results in regard to theorem 2.1. Also the inequality we conjectured in 
remark 2. I has been proved very recently [5]. It gives a generalization of  theorem 
2.1 as was noticed in remark 2.1. We wish to thank W. Moran for his comments 
and the referee for telling us that lemma 2.1 may be found in [6]. 

2. Counting points in hyper-cubes 

We start in this section by giving an affirmative answer to a generalization o f  
a question in [1]. Recall the question from the Introduction: Given A ~ {0, 1}" with 
1.41=2 "-1, is it true that IA+AI=>3n-I? We show the following: 

Theorem 2.1. I f  A, Bc={O, 1}" are non empty then [ A + B I > - ( I A I 1 B I )  ~ where 
• =(1/2) log2 3. 

Throughout  this section ~ is (1/2)1og2 3. 
An immediate consequence is (by taking A = B  with IAI---2"-1): 

Theorem 2.2. I f  A%{0,1}" with ]A]=2 "-1 then IA+A[~3" -L  

To prove Theorem 2.1 we need two elementary calculus lemmas (for iemma 
2.2. there is probably a suitable reference, but we are unable to find one). Lemma 
2.1 was pointed out to us by G. Edgar and simplifies the proof  of Lemma 2.2. 

Lemma 2.1. l f  ~o<Cq . . . .  <or, and an~O then g ( t ) =  ~ akt~k IUtS at most n zeros 
in (0, + ~), counting multiplicity, k=0 

Proof. The proof  is by induction on n. For  n=0 ,  aot~o has no zeros on (0, o~). 

If  g ( t ) =  ~ak t '~ ,  then g(t)  has the same number of  zeros in (0, ~ ) a s  
k = 0  

n 

akt~k . . . .  g(t)/t,o. 
k = O  

d g(t)  I 

ak(Uk--Uo)t',-'o -~ has at most 17-1 zeros by The derivative dt t'o ----k=~ 

induction. So by Rolle's Theorem g(t)  has at most n zeros. II 
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The next l emma we need is" 

Lemma  2.2. Let g (a ,b )=(ab )~+( (1 -a ) (1 -b ) )=+(a (1 -b ) )  ~ for ( a , b ) ( [ 0 ,  1]× 
X[0,  1] and h(a, b ) = ( a b ) = + ( ( l - a ) ( 1 - b ) ) ~ + ( ( l - a ) b )  ~ for (a, b)E[0, 1IX[0, 1]. 
Then max (g, h ) =  > 1 .for all (a, b)C[0, 1]X[0, 1]. 

Proof.  Assume a ~ b  (the case a<=b is similar). Then max  (g(a, b), h(a ,b))= 
=g(a,b).  I f  a = l  or  b = 0  then g ( a , b ) = b ' + ( 1 - b )  ~ or  g ( a , b ) = a ~ + ( l - a )  ~ 
respectively. In either case g(a,b)>=l. This leaves the points (a,b) with a-~b, 
a < l ,  b > 0  to check. We have, 

c)g = ~(ab)~a_l +~e(a(1- b ) ) ~ a _ l _ c ¢ ( ( l - a ) ( l -  b ) ) ~ ( 1 - a ) - L  
Oa 

Setting (Og/Oa)=O we get 

ag  = a ~ [ b ~ + ( 1 - b )  ~] ~ a% 

So g>-_a ~-~ and so g ~ l .  Fo r  a=b we have to make  a special a rgumen t  since 
g =  h and max  (g, h) is not differentiable. We only have to show that  rain f ( x ) =  1 

x([O,H 

where f ( x ) = x 2 ~ + ( l - x ) Z ~ + x ~ ( l - x ) %  We have xE[0, 1] that ,  

f ' ( x )  = 2czx z~-I --2~(1 - -x)  ~ - 1  +ccX~-t (1 - x )  ~ --ccx~ (1 - x )  ~- t  

j ' "  (x) = (2~) (2~ - l) x ~ - '  +(2~) (2e - 1)(1 - x)" '- '- '  + ~ ( ~  - 1) x~-~(1 - x )  ~ -  

- 2~'~.,v ~-1 (1 - x )  ~-~ + c~ (cz - 1)x~( 1 - x) ~-~. 
Then f ' ( l / 2 ) = 0 ,  f'(1/2)=(8c('o-6cO(1/2)z=+2>O, and so . f  has a relative min imum 
at  1/2 wi th  f ( 1 / 2 ) =  1 since e = ( l / 2 )  log 2 3. N o w  _!ira ° -  . f ' ( x ) =  + ~ and  .~-llim _ f ' ( x ) =  

= - 0% s o f i s  increasing near  0, decreasing near  t. It is therefore enough to show./"  
has at mos t  3 zeros in (0, 1) (count ing 1/2 and  count ing  multiplicity,  also note  that  
f (0 )  = f ( 1 )  = l ). Now,  

f "  2x =-1 2(1 - x )  = i - x  
- + . . . .  1 = t -2 t=+2t* -~- I  = P(t), 

czx= (1 - -x )  =-1 (1 - -x )  ~ - '  x ~ x 
with t = ( I - x ) / x .  Then P(t) has the same number  o f  zeros on (0, ~ )  a s . / '  has in 
(0, 1). Since 1 > e >  1 - ~ > 0 ,  P(t) has at most  three zeros by L e m m a  2.1, thus con-  
cluding the proof .  | 

The p r o o f  of  Theo rem 2.1 now follows easily. In what  is to follow, I"  denotes  
any set obta ined  f rom [0, 1]" by t ranslat ing it or  ro ta t ing  it in n-dimensional  space:  

Proof (of  Theorem 2.1). The  p r o o f  is by induct ion on n. It  is trivial for  n = l .  
F rom now on we regard A and B natural ly as subsets o f  the vertices of  the n-dimen- 

sional unit  cube [0, i]" and - -~- - - -as  mid-points  . We assume the result true for  

( n - 1 ) - d i m e n s i o n a l  cubes. Regard ing  [0, 1]" as the cube (see Figure 2.1), 

Fi,~,. 2.1 
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where each face is 1 "-1 and denote by a~=lA('lFil and bi=lBf~Fi] for i = 1 , 2  
where F1 and /:'~ are opposite faces. By induction the number of midpoints we get 
from A and B on the face F1 is, 

(12.1) (A N F,)+(Bff) 
2 &) ~ (a~ bl) ~. 

Similarly, for the face F2 we have 

(2.2) (A ~ F2) +(Bff] F2) ~ (a,~, b2) ~. 

Now considering midpoints generated by A/~ F, and BN F~ (and ignoring the mid- 
points generated by A N F2 and B ~  t:l) we get by induction (since they all lie on 
a hyperplane midway between /:1 and Fz) that, 

(2.3) (A ff~ F1)+(B • F.) 
2 -  "- ~ (al b2) ~. 

Adding the above inequalities we get 

-A~2B~ ~ (a I bl)~'+(a2b.a)~+(a, b~) ~, 

since all the midpoints generated in (2.1). (2.2} and (2.3) lie on different planes. 
Similarly 

I A ~  - ~ (al bl)~ +(ao.b~)~ +(a2b~) ~. 

So by Lemma 2.2, the proof is completed. | 

Remark 2.1. It is natural to ask what happens when more than two sets are taken in 
Theorem 2.1. It seems plausible that given p~N and A~ . . . . .  Ap~{0, 1}" that 

Id~ +... +.4pl ~ ([A~![A,,.I...[Aet) %' 
where % = ( l / p ) l o g  2 ( p +  1). Clearly by using the same sort of  proof as in Theorem 
2.1 it is enough to show the following: 

Given b=(bl . . . . .  be)~[0, 1] p and nqSp (the group of permutations on 
{1 . . . . .  p}) deline 

f,,(b) = (b~u ... b,~(p)) ~'' +(( l  - b,,,~) b,(.,) -.. b,~1,))% + 

+ ((1 - b,t~) ) (1 - b~z)) b ,ca~... b~,p~)% +... 

...-4- ((l - b,tl0.. .(I - b~(~))) % 

and set f (b)= n],.ax J~(b). Is it true that f ( b ) ~ l ?  Equivalently without loss of gene- 

rality by ordering so that b~-_<-.,. ~bz, it is enough to show that, 

g(b) = (bl.. .  b p ) % + ( ( l - b 0 b 2 . . ,  bp)%+... +((1 - b a ) . . . ( l - b ) ) %  => I. 

/ h i s  was however not checked. 
We now turn to an extremal conjecture: the conjecture is that if }Ai=2"-t  

with A ~  {0, l}" then !A+A{=3 "-~ if and only if the points of  A lie on a hyper- 



P O I N T S  I N  P I Y P E R C U B E S  209 

plane in n-dimensions.  We show that  this is indeed the case. One direction is simple. 
We need the fol lowing lemma.  

Lemma 2.3. I f  M I = 2 " - ~ ,  A ~  {0, 1}" and the points' o/ 'A lie on a hyperplane H in 
n-dimensions then 

(a) H = {(xl . . . . .  x, ,)~R"[xi=ei for some fixed i} and 

A = {(-¥1 . . . . .  x , ) ({0 ,  l}'~[x,=el} (here e i = 0  or 1); or 

(b) H = l ( x ~  . . . . .  x.)~R"lx~-xj--0} and A=EaUE., where 

Et={(xl  . . . . .  x,,)~.{0, 1}"lx,=l, x~--l} and 

/¢~={(x~ . . . . .  x,)~{0, 1}"Ix,=0, .~j=0}; o, 

(c) H =  {(xl . . . . .  x,)ER"I.x'I+xs= 1} and A=EI(JE  ~ where 

E~= {(x~ . . . . . .  ~-,,)~ 10, 1}"Ix,=0. x j =  l} a , d  

E 2 =  { ( x  1 . . . . .  x t , ) ~  { 0 ,  ] } n ] ~ . i ~ _  ] ,  x j = 0 } .  

Proof.  The p r o o f  is easily seen by induction on n. Clearly it is true for  n = 2  and 
n = 3 .  Assume it is true for n-dimensions.  Let {A[=2", A ~  {0, I} ''+~ and let the 
points  o f  A lie on a hyperplane H in n + l  diinensions. I f  AC={(xt . . . .  ,x,,+~)~ 
~R"lx, ,+~=e } where e = 0  or 1 then we are clearly in case (a). Otherwise  

• . .  ~ . tl . __ _z Af~{(xa, x,,+l)~R [ x , + ~ - e } = 0  for both  e = 0  or  1. In this case it easy to see 
that  ]Af~{(x~ . . . . .  x,,+~)]x,,+~=~}[ is a power  o f  2 for both  e = 0  and ~ = 1 ,  say 
2" and 2 ~. Since m , l < n  and 2 " + 2 ~ = 2  " it follows that  / = m = n - I .  Let Ao= 
= A I Z  {(xl . . . . .  x ,+a ) [x ,+ t=0}  and let Az=AO {(xa . . . . .  x ,+t)[x, ,+a= 1}. Then by 
the induction hypothesis  A 0 and At lie on hyperplanes  H o and H~ respectively o f  the 
type in cases (a), (b) or  (c). Since A also lies on a hyperplane  H ,  it is now easy to see 
that  H must  be of  the type in cases (a), (b) or  (c). Tha t  A now must  be of  the types 
described in the l emma also follows since H must  be o f  type (a), (b) o ,  (c), iAT = 2  " - t  
and since A lies on H.  | 

In what  is to follow we shall call hyperplanes  of  the sort in cases (b) and (c) 
o f  L e m m a  2.3 " d i a g o n a l "  hyperplanes.  We can now prove  the fol lowing proposi t ion.  

Proposition 2.1. I f  I AI= 2 " - z  A ~ {0, 1}" and the points off A lie on a hyperplane then 
] A + A ] = Y  '-~ 

Proof.  I t  is clearly enough to check that  for  any n ~ l ,  ]{0, 1}"+{0, 1}"[=3". This  
is because by L e m m a  2.3 the points  o f  A are the vertices of  a I "-~. Given I ~ i ~ <  
-<i,,<...<ij~n, where 0 = . / = n ,  define, 

c(i z . . . . .  ij) = {(xz . . . . .  x , ) ({0 ,  l}"lxlk = 1 for k = 1 . . . . . .  j}. 

Then ic(il . . . . .  is)l=2s and so 

I{0, I } " + { 0 ,  l}"l = j - 

Next we show that  if ]A]=2 "-~, A ~ { 0 , 1 } "  and i A + A i = 3  "-~ then the 
points  o f  A lie on a hyperplane.  

Theorem 2.3. I f  At__{0, i}", ]A]--2 "-~ and I A + A [ = 3  ~-~ then A lieson a hyper- 
plane in n-dimensions. 
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Proof. The proof  is by induction on n. Clearly it is true for n = l  and n=2 .  Note 
that equality occurs in the inequality of  Lemma 2.2 (see the proof),  when (a, b)= 
=(0,  0), (I, 0), (0, 1), (1, 1) or (1/2, 1/2). So by the proof  of  Theorem 2.1 it follows 
that for A, B ~  {0, 1} "+~, IA +BI=(IA[]B [)~ implies that one of  the following four 
cases occurs (F~ and F~ are opposite n-dimensional faces of  [0, 1]"+1). 

Case 1; IFtNAI=IFINB[=O. 
Case 2; IF2NA]=IF2NBI=O. 
Case 3; [FINAI=IF2NBI=O or IF2NAI=IFaNBI=O. 
Case 4; IFaNAI---IFzNA! and IFanal=lFo.nBl. 

In our case with A = B  this reduces to: 
Case 1 and Case 2; A lies on an n-dimensional face of  [0, 1] "+a. Since [A] =2" this 
implies that A consists of the vertices of  a n-dimensional cube and lies on a hyper- 
plane in (n+ 1) dimensional space. 
Case 3; This case clearly does not occur since we have A =B.  
Case 4; In this case ]FNA[=(I/2)[A]=2 "-~ for all n-dimensional faces of F of  
[0, 1] "+a. It follows that ](FNA)+(FNA)]>=3 "-1 by Theorem 2.2. Since [A+A]=3"  
by the proof of  Theorem 2.1 it follows that ](FNA)+(FNA)I=Y '-a. By the induc- 
tion hypothesis, FN A lies on a hyperplane in n-dimensional space for all faces F. 

Let us first make the following observations. First some terminology is needed. 
Regarding [0, 1] ''+~ as built out of  two opposite n-dimensional faces, say F1 and F2 
with edges joined (as shown in Figure 2.2), a typical set of  "opposite edges" is shown 
as darkened (i.e., edges are non-trivial, that is (n-1)-dimensional)  intersections of  
two n-dimensional faces and a set of "opposite edges" are the intersection of  a 
"diagonal" hyperplane in (n+ l)-dimensions with [0, 1]"+'). The point to note is 
that TFNA]=(I/2)IA I for all n-dimensional faces F means that iElf~AI=IEzNA] 
for all pairs of opposite edges £:1 and E~. 

From now on we regard [0, 1] "+1 as two n-dimensional cubes (with the edges 
joined). This is shown in Figure 2.3 (where the edges between the two n-dimensional 
cubes have not been joined tbr convenience). Each n-dimensional cube is drawn be- 
low as a cube. The cubes are labeled as Ca and Cz tbr the rest of  the proof. To be 
specificlet C1= {(xa . . . .  , x,+ 0]x,,+~=0}N[0, 1] "+1 and let C.2= {(x~ . . . . .  x,+0[x, ,+l= 
= I}N[0, 1] "+' 

The proof  now splits into two cases, according to Lemma 2.3. 

Case A: C2NA lies on a face of  C~, say Go (see Figure 2.3). Then by the fact that 
opposite edges of [0, 1] "+* intersect A in equal cardinality it follows that [G~NA]= 
= [CaNA]=2 "-~ It follows that A lies on a "diagonal" hyperplane in (n+ l)-dimen- 
sional space. More precisely, suppose C~NA={(x~ . . . . .  x,+l)C{0, 1}"+a[x,+l=l, 
xi=e~} where ~; is fixed and can be 0 or 1. Then by the above reasoning C~ N A =  

F1 C. C 2 

t:(~,. 2.2 F(~. 2.3 
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= {(x~, ..., x,,+0E {0, l}"+~]x,+a=0, x~= 1 -el}.  So A lies on the "diagonal" hyper- 
plane x~+x,,+~=l incase  ~ = 0  and x ~ - x , + t = 0  in case ~=1 .  
Case B: CJ?A lies on a "diagonal" hyperplane in n-dimensional space, so that 
C2NA lies on opposite edges of  C~ say as shown in Figure 2.4 (opposite edges dar- 
kened) : 

Cz 

Ft).,. 2.4 

Since opposite edges of [0, 1]" + t intersect A in equal cardinality it follows that C1 (~ A 
also lies on a "diagonal"  hypevplane in n-dimensional space. So the points of  C2(3 A 
lie on a hyperplane in n-dimensions of the form x / - a ) = 0  or xi+xj= 1 for some 
1 <=i<jNn and the points of  CtS]A can lie on a hyperplane in n-dimensions of  the 
form xk--xt=O or Xk+x l= l  for some l<=k<l<=n (and so apriori there are 
n(n-1) possibilities as to how C1CIA can lie on a "diagonal" hyperplane). It is 
now easy to see that in case C~NA lies on the hyperplane x~-xj=O (or x~+xi= 1) 
then CINA lies on the hyperplane x i -x j=O (or xi+xj= 1) and so A lies on the 
hyperplane in n + l  dimensions x i -x j=O (or xi+xj=l).  This is so because if 
the situation is not as described above then it is possible to find an n-dimensional 
face C~ of  [0, 1] "+1 (i.e., an n-dimensional cube) such that C3f]A is not on a 
hyperplane in n-dimensions (i.e., of the type described in Lemma 2.3). The above 
argument is illustrated when C~ and C2 are 3-dimensional cubes. Six subcases arise. 
C~ O A can lie on opposite edges as shown in Figure 2.5 (opposite edges darkened). 

It is easy to see that with respect to the situation in Figure 2.4, C~ (3 A looks 
like Figure 2.5 (f) and that A in this case is on a "diagonal" hyperplane in 4 dimen- 
sions. For example, we show that the case of  figure 2.5 (a) cannot occur (the other 
cases are dispensed with in the same manner). Suppose C~(?A is as in Figure 2.5 (a) 
and C2(~A as in Figure 2.4. Then [0,1] ~ looks as shown in Figure 2.6 (with edges 
between C~ and C., drawn). Looking at the bottom most 3-dimensional cube C~ 
(see Figure 2.6) we have (C3NA drawn in dots) in Figure 2.7. But C:;NA is 
supposed to lie on a hyperplane which it does not. 

Accordingly in all cases A lies on an (n+ l)-dimensional hyperplane and the 
proof  is complete. | 

With some obvious modifications and extensions of  the arguments above we 
can give necessary and sufficient conditions on A=C{0, 1}", B ~ { 0 ,  1}" so that 
]A+B[=(IA][B[y. Since the proof  is much the same as that of Theorem 2.3 we do 
not give it. 

Theorem 2.4. Let A and B be non-empty subsets o f  {0, 1}". Then [A+B[=(IA[[B[) ~ 
(f  and only i f  

(a) IAI=]B[=2"  jbr some m~N with m<=n. 
(b) A and B are tlko vertices o f  m-dimensional subcubes C1 and C~ of  [0, 1]" 

respectively. 
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( a ) ( b )  

CI 

(c) (d) 

(e) ( t )  

1:(~:. 2.5 

Cl / 
q 

Fig. 2.6 

cz 
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Fig. 2.7 

(c) C2 is a translate of  C1 (in n-dimensions), i.e., Co = Ca + z for some z E R". | 

We now show that as an immediate consequence of Theorem 2.1 we may ob- 
tain more precise results than the results of  Talagrand [7] mentioned in the Intro- 
duction. We first need some notation. D =  {0, 1} N will denote the Cantor group 
(with the group operation being coordinate-wise addition modulo 2). Of course D 
is homeomorphic to the classical Cantor set K ~  [0, 1]. We make use of  this associa- 
tion below freely without further mentioning it. Let p denote the Haar  measure on D, 
i.e., if Pz is the measure #~{0}=p~{1}=l/2 on the i 'th copy of {0, 1} in {0, 1} N 

then/~ is the product measure p =  @ p~. Finally 2 is the usual Lebesgue measure 

on R. The proof  below uses some of  the same techniques as in [7], but is actually 
simpler. 

Theorem 2.5. l f  X and Y are analytic subsets of  D such that it(X)p(Y)>O then 
~(x+ r)  =>20,(x)~ (r)) ~. 
Proof. Assume with loss of  generality that X and Y are compact subsets of D. Write 

K,,= t~ ,,,,a where l , . a i s  the interval ]n.d=ld, d + ~ l  whereD// is  the set of all 
d E D. 

d~ 
numbers of the form 2~"~- where d~.~ {0, 2} for all k. Note that 

k = l  

• " - " - ' 2 + " 

d+d" . 
The point in writing it this way is that it is easy to write ~- m base 3. To be 

l ~ dk d~ d+d" dk+d[ 1 
specific, if ~=  Z ~ -  and d ' - -  2 ~ -  then - 2 2 3k --. d';...d" 

k = l  k = l  2 k = l  

where d~.'- dk÷dk Set Z , =  U I, ~ and Y,,= U 1,, d. Then X =  n X, and . , , 

l~,dnX-~e~ 1,~ d n Y  ~O n 
Y= n Y,,- It is easy to see that X +  Y= (-] (X,+ Y,,).' It is therefore enough to show 

that 2(X,,+Y.)>=2(p(X)#(Y))" for all n. L e l E  be the set of  all dCD,, such that 
l..ac=X# and let F be the set of  all d~D. such that I..d~Y,~. Then note that 
]E[~2"/I(X ¢) and [FF'~2"~t(Y"). So if E" is the set of all dqD,, such that 
I.,dfqXgO and F '  is the set of all dED. such that l . .dNY~O then [E ' [~  
>=2"-2"it(X¢)=2"p(X) and f ' [~2"-2"p(Y¢)=2"p(Y) .  So by applying Theo- 
rem 2.1 we have that 
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I E ' + F ' I  ~ (2"I,(X)2"I~(Y)) ~ - 3"(/~(X)#(Y)) ' .  

So )~(X,,+ Y , , )~2Ot (x ) I I (Y ) )  ~ for all n, complet ing the proof.  | 

Remark 2,2. Clearly the p roof  above is valid if we replace X and Y analytic by X 
measurable,  Y measurable such that X-b Y is measurable,  but it is hard to think of  
a more  succinct condit ion on X and Y (other than being analytic) which insures X +  Y 
measurable.  

Remark 2.3. M. "Falagrand had shown earlic." (see [7]) that if X is analytic then, 
1) 2 ( X + X ) ~ Z ( Z # ( X ) -  1), 
2) 2(X+K)>=2#(X) .  

Both o f  these inequalities are special cases o f  Theorem 2,5 since x " - ~ 2 x  - 1 and 
.V=~x for x~[0, 1], 

One application o f  Theorem 2.5 is to convolut ion measure algebras, espec- 
ially to the measure algebra M(R) .  Recall that  a Raikov system R on R is a collec- 
tion o f  Borel subsets o f  R such that  

I) I f  ECR and FC_E is an F~ subset o f  R then F~R. 
2) I f  E, , E,, . . . . .  ~ R then U Ej~ R. 
3) I f  E ~ , E ~ R  then E~+EeqR.  
4) {x}~R  for all xCR. 
Using R one may naturally define a closed ideal of  M ( R )  by I ( R ) =  

= {~:,qM(R)Ilvl(E)=O for all ECR}. Theorem 2.5 implies that # (the Can to r  mea- 
sure) cannot  be concentrated on a proper  Raikov system. This answers a question 
o f  Moran.  Of  course this conclusion could have also been made using the results in 
[7]. Notice also in connect ion with the above that the measure # is an infinite Ber- 

independent powers 
j = z  L Z  / J 

(i.e., # " ± # "  whenever 0 < m < n < ~ , ~ ) .  For  further details on convolut ion measure 
algebras and Raikov systems, see [3]. 
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